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Abstract

Previous studies on mining sequential patterns have focused on temporal patterns specified by some form of proposi-
tional temporal logic. However, there are some interesting sequential patterns, such as the multi-sequential patterns, whose
specification needs a more expressive formalism, the first-order temporal logic. Multi-sequential patterns appear in differ-
ent application contexts, for instance in spatial census data mining, which is the target application of the study developed
in this paper. We extend a well-known user-controlled tool, based on regular expressions constraints, to the multi-sequen-
tial pattern context. This specification tool enables the incorporation of user focus into the mining process. We present
MSP-Miner, an Apriori-based algorithm to discover all frequent multi-sequential patterns satisfying a user-specified reg-
ular expression constraint.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction and motivation

The problem of discovering sequential patterns in temporal data have been extensively studied in several
recent papers [1–3] and its importance is fully justified by the great number of potential application domains
where mining sequential patterns appears as a crucial issue, such as financial market (evolution of stock mar-
ket shares quotations), retailing (evolution of clients purchases), medicine (evolution of patients symptoms),
local weather forecast, telecommunication (sequences of alarms output by network switches), etc. Different
kinds of sequential patterns and more general temporal patterns [4–8] have been proposed, as well as general
formalisms and algorithms for expressing and mining these patterns have been developed [9,10]. Most of these
patterns are specified by formalisms which are, in some extent, reducible to Propositional Temporal Logic.
For instance, let us consider a classical sequential pattern of the form s = h{a,b},{c,d}i (where {a,b} and
{c,d} are set of items) which has been extensively studied in the past years [1–3]. This pattern is considered
0169-023X/$ - see front matter � 2006 Elsevier B.V. All rights reserved.
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frequent if there are a percentage a of clients (a is the minimum support specified by the user) who buy the set
of items {a,b} and {c,d} sequentially, i.e., the items a,b are bought at time t1 and the items c,d are bought at
time t2 > t1. The sequential pattern s can be expressed as a temporal relational calculus query as following:
2 Fre
3 Tw
fxjbuyðx; aÞ ^ buyðx; bÞ ^ �ðbuyðx; cÞ ^ buyðx; dÞÞg

where the symbol e stands for the known temporal logic operator ‘‘sometimes in the futur’’.

Apparently, this is a first-order temporal formula. However, (1) because the only variable appearing in the
formulas expressing the sequential patterns is the free variable x (x represents a client who buys items) and, as a
free variable, constitutes the object which is counted during the support counting phase,2 and (2) because the
only predicate is buy, this formula can equally be expressed by a propositional temporal formula. Indeed, let
us suppose propositional symbols Pi, one for each item i, whose meaning is ‘‘client x buys item i’’. Notice that
different symbols i correspond to different propositional symbols Pi. The propositional formula below
expresses our sequential pattern:
P a ^ P b ^ �ðP c ^ P dÞ ð1Þ
1.1. First-order sequential patterns

Recent research in ILP (Inductive Logic Programming) [11–13] proposed temporal formalisms which are
more expressive than the propositional logic formalism used so far for modelling sequential patterns. Indeed,
propositional temporal logic is not expressive enough to specify many useful and interesting patterns. Let us
suppose, for instance, that we have a database storing logs of unix-user commands (see [14] for details). Exam-
ples of sequential patterns which could be discovered in such a database are:
hviðpaper:texÞ; latexðpaper:texÞ; dvipsðpaper:dviÞ; lprðpaper:psÞi ð2Þ
hviðX Þ; latexðX Þi ð3Þ
These patterns can be expressed by the following first-order temporal formulas, respectively:
viðpaper:texÞ ^ �ðlatexðpaper:texÞ ^ �ðdvipsðpaper:dviÞ ^ �lprðpaper:psÞÞÞ ð4Þ
9X ðviðX Þ ^ �latexðX ÞÞ ð5Þ
Notice that in formulas (4) and (5), constants (paper.tex, paper.dvi, paper.ps) as well as predicate symbols (vi,
latex, lpr) can be used as parameters in the mining process. In a propositional pattern (as in (1)), only con-
stants (items) appear in its specification. Moreover, in formula (5), there is a bounded variable X. Differently
from free variables, bounded variables are relevant in the pattern specification.

Undoubtedly, as shown in these examples, the need for more expressive formalisms to specifying temporal
patterns arise naturally, as well as methods for mining them in large amount of data.

In a previous paper [15], we have introduced a new temporal pattern, called multi-sequential pattern (msp).
Such patterns appear in several application domains, like financial market, retailing, census data, and in some
sort, aim at representing the behaviour of individuals related to each other by some criteria, throughout time.
Contrarily to the (propositional) sequential patterns studied so far, multi-sequential patterns are not express-
ible in Propositional Temporal Logic and need the expressive power of First-order Temporal Logic for its
specification. The following example adapted from [16] illustrates msp semantics.

Example 1. (Temporal census data patterns). In Brazil, a municipality is an administrative local area
composed by several districts. Frequently, municipal economic administrators are interested in analyzing
census data to discover information relating the behaviour of the population living in different districts, that is,
how demographic indicators evolve throughout time and how the neighbour relationship3 affects this
evolution. A typical temporal pattern in this context is ‘‘A low rate of full-time employed male living in district

A, followed by a high rate of commercial activities in a neighbour district B is followed by a high rate of part-time
e variables, representing the counting objects, are irrelevant in the pattern specification.
o districts are neighbours if they belong to the same municipality.
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employed female living in district A ’’. Such a pattern can be expressed by the following first-order temporal
relational calculus query:
fM j9A9BðNðM ;A;BÞ ^ �ðDIðA; FTM�Þ ^ �ðDIðB;CAþÞ ^ �DIðA; PTF þÞÞÞÞg ð6Þ

In the formula (6), N(M,X,Y) stands for the relationship ‘‘A and B are districts of the municipality M’’; DI

stands for Demographic Indicator and constants FTM�, CA+ and PTF+ stand for low full-time employed male,
high commercial activities and high part-time employed female, respectively. Notice that the counting object is
the free variable M, representing some municipality (a group of districts). By ommiting the counting variable
M, this pattern can also be expressed by the temporal formula:
9A9BðNðA;BÞ ^ �ðDIðA; FTM�Þ ^ �ðDIðB;CAþÞ ^ �DIðA; PTF þÞÞÞÞ

One of the main contributions in [15] is that an Apriori-like technique based on candidate generation, pruning

and validation can be used to mine first-order temporal patterns (msps) and that a pure first-order technique
(SM-Miner) produces better results than a technique adapted from classical methods for propositional
sequential pattern mining (PM-Miner).

Preliminary experiments on multi-sequential pattern mining showed an overwhelming volume of candidate
patterns, most completely irrevelant to the users, resulting in a great and wasteful computational cost. This
naturally led us to consider specification formalisms to allow user focus during the msp mining process in
order to prevent the generation of uninteresting and useless patterns. In the past years, some work has been
dedicated to the problem of introducing user-control features in the mining process, either during a post-pro-
cessing phase [17,18], either by incorporating user-specified constraints in the mining process. The latter
approach has been largely explored in the context of association rules mining [19,20]. In the sequential pattern
mining field, a lot of work have been dedicated to investigate constraint-based mining [21,22]. In the inductive
programming context, constraint-based mining has recently become a very appealing subject of research (see
[23] for a series of surveys on the subject).

In this paper, we focus on incorporating user-specified constraints inside the mining process rather than
during post-processing. Our approach follows the idea introduced in [22], where a constraint specification
framework based on regular expressions (RE) is developed in the sequential pattern mining context. As it
was pointed out in [22], REs provide a simple, ubiquitous and natural syntax for the specification of special
classes of sequential patterns. In this paper, we extend this formalism in order to use it as a restriction spec-
ification tool in the multi-sequential pattern mining context. The following example illustrates the idea:

Example 2. Let us suppose the situation described in Example 1, referring to temporal census data mining. Let
us suppose that the data analyst is interested in discovering patterns involving only two districts and fitting in
the following bias: they begin by reporting a low rate of full-time employed female living in the first district
and finish by reporting a high rate of part-time employed female living in the first district. This constraint
(over multi-sequential patterns) can be expressed by a regular expression of the form DI(D1,FTF�)X*

DI(D1,PTF+). Here, X is a sequence of relational atoms of the form DI(D,A), where D is D1 or D2, and A is a
constant representing parti-cular demographic indicators. In fact, the formalism we will introduce in Section 3
is far more simple and does not involve predicate symbols (like DI) nor (bounded) variables (like D1 and D2).

Besides extending an RE formalism to the multi-sequential context, we also present the MSP-Miner algo-
rithm to discover all frequent multi-sequential patterns satisfying a user-speci-fied regular expression con-
straint. MSP-Miner incorporates the RE constraints during the mining process, pushing non-antimonotone
conditions (specified by regular expressions) in both the candidate generation and pruning phases. Notice that,
as in [22], our pattern constraint does not satisfy the property of antimonotonicity. That is, the fact that a pat-
tern satisfies the constraint does not imply that all its subpatterns also satisfy the constraint. Consequently, it
is possible that some (or even all) candidate patterns contains subpatterns which are not in the set of interest-
ing patterns generated in previous steps. This make the candidate generation and pruning phases a rather com-
plex task.

We have performed an extensive set of experiments to evaluate the performance and scalability of
MSP-Miner over synthetic data. Besides, we also have compared the performances of MSP-Miner and a
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post-processing method for mining multi-sequential patterns (the SM-Miner algorithm introduced in [15]).
Our empirical study establishes the effectiveness of exploiting RE constraints during the mining process rather
than during the post-processing phase. In our opinion, the main contribution of this paper is extending a con-
straint-based approach for mining propositional temporal patterns (simple sequential patterns treated in
[22,1,3,2]) to a similar approach to mine first-order temporal patterns.

The paper is organized as follows. In Section 2, we discuss some important work related to the two main
subjects treated in this paper: first-order sequential pattern mining and constraint-based mining. In Section 3,
we present the main concepts related to multi-sequential pattern mining and introduce the formalism allowing
to specify the constraints. In Section 4, we briefly describe the algorithm SM-Miner. In Section 5, we present
the details of the MSP-Miner algorithm which incorporates a regular expression in the candidate generation
phase in order to constraint the set of candidate patterns. In Section 6, we analyse several experimental results
over synthetic data and in Section 7 we conclude the paper, by discussing some future research.

2. Related work

The design of efficient algorithms for mining sequential patterns has been extensively studied in the past
decade [24,1,8,3,2]. Recent work on sequential pattern mining has focused on the problem of reducing the
amount of discovered patterns by introducing user control mechanisms into the mining process rather than
pruning uninteresting patterns only during a post-processing phase. The use of regular expressions as a spec-
ification formalism for constraint-based sequential pattern mining has been introduced for the first time in
[22]. In this article, a family of four algorithms, called SPIRIT family, has been proposed. Each algorithm
in the SPIRIT family has been designed to mine all frequent patterns satisfying a given regular expression con-
straint. The algorithms use different relaxations of the original regular expression in order to find a reasonable
balance between constraint-based pruning and support based pruning.

In [21], another formalism for reducing the candidate search space, based on con-text-free grammars, has
been proposed. Indeed, there are situations where a more expressive formalism is need in order to specifying
constraints. As in the SPIRIT family, several constraint-based mining algorithms have been proposed in this
context, using different relaxations of the given context-free grammar.

In [25], a new framework aiming at generalizing different known constraint formalisms is proposed. This
framework is able to express several classes of constraints: item constraints (specifying the items which are
expected to appear in the sequences), length constraints (specifying the number of transaction in the
sequences), super pattern constraints (find patterns which contains a given set of patterns as subpatterns),
aggregate patterns (specifying aggregate functions on the items appearing in the sequences), regular expres-

sions, duration constraints and gap constraints. The general framework is based on the concept of prefix-mono-

tonicity, a property satisfied by all monotone, anti-monotone and regular expressions constraints.
All the three latter formalisms are restricted to the propositional sequential mining context. In [11], a for-

malism similar to the SPIRIT family, based on regular expressions, is introduced in the context of first-order
sequential pattern mining. Here, a sequential pattern is a sequence of relational atoms, like in hvi(X), latex(X)i.
The algorithm SPIRIT-LoG has been designed to mine first-order sequential patterns satisfying a regular
expression. The basic difference between this approach and ours is related to their respective contexts, since
our MSP-Miner algorithm has been designed to mine multi-sequential patterns and not simple sequential pat-
terns like in SPIRIT-LoG.

In [13], sequential patterns are sequences of relational atoms like in [11], except that they are separated by
two types of symbols: < and v. For instance, the sequence a < b vc means b happens sometimes after a, and c
happens in the next instant after b. The database is a set of sequential clauses (the bodies are sequential pat-
terns). Constraints are specified by a conjunction of a monotone constraint m and an anti-monotone con-
straint a. These constraints are simply predicates (or properties) over sequential patterns. The levelwise
algorithm MineSeqLog is proposed for mining all the sequential patterns satisfying a giving constraint. Notice
that in our approach, the constraints specified by regular expressions are not monotone nor anti-monotone.
The main difference between this approach and ours concerns the sequential patterns and constraints consid-
ered in each one.



Table 1
Municipalities and their districts

Municipality Districts

Uberlândia (1) {Martinésia (o1), Tapuirama (o2), Miraporanga (o3)}
Juiz de Fora (2) {Torreões (o4), Rosário de Minas (o5), Sarandina (o6)}
Ouro Preto (3) {Lavras Novas (o7), Amarantina (o8)}
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3. Problem formulation

In this section, we introduce the main concepts related to the problem of discovering multi-sequential pat-
terns satisfying a set of constraints. First, we focus on the concepts of multi-sequences datasets, multi-sequen-
tial patterns and frequency. Secondly, we introduce the formalism based on regular expressions to specify
constraints on multi-sequential patterns.

3.1. Multi-sequences and multi-sequential patterns

In order to simplify the presentation, we will specify a multi-sequential pattern by means of an array and
use this simple specification formalism for multi-sequential patterns throughout the paper instead of a tempo-
ral logic formalism. Nevertheless, for the sake of completeness, in the end of this section we also present multi-
sequential patterns as a special class of first-order temporal logic formulas.

Let us suppose the existence of a finite set I of items and a finite set O of object identifiers. In our running
example, items are interpreted as demographic indicators, objects are interpreted as districts and groups of
objects are interpreted as municipalities.4 Items are denoted by a,b,c, . . . object ids by o1,o2,o3, . . . and groups
of object ids by g1,g2,g3, . . .

3.1.1. Multi-sequences: the Dataset

Let us consider a database schema D = {Tr(IdG, IdO, Item,T)}. A dataset D is an instance over D. Here, T

is the time attribute whose domain (denoted by dom(T)) is N. Attributes IdO, Item and IdG stand for object
identifiers, items and group identifiers, respectively. Table 3 illustrates a dataset containing temporal census
data about three municipalities in the state of Minas Gerais, Brazil: Uberlândia (1), Juiz de Fora (2) and Ouro
Preto (3). The districts of each municipality are showed in Table 1. The demographic indicators are showed in
Table 2 (we use abbreviations for the names of municipalities, their districts and the demographic indicators).5

From now on, in order to simplify the presentation, the domain of the attributes IdO, Item and IdG are O,
I and N, respectively.

The two algorithms we will present in the next sections require that the dataset follow a specific format, as a
set of multi-sequences. A sequence is a list s = hi1, . . . , iki, where each element ij 2 I [ f?g. The symbol ?
stands for ‘‘don’t care’’ (k is called the length of s and is denoted by jsj). A multi-sequence is a finite set
s = {s1, . . . , sn}, where each si is a sequence and for each i, j 2 {1, . . . ,n} we have jsij = jsjj = k (k is called
the length of s and is denoted by l(s)). The j-th component of sequence si is denoted by si

j. A dataset can
be easily transformed into a table of multi-sequences. For instance, let us consider the Census Dataset of Table
3. The information stored in this dataset ranges from time 1 to time 5. So, the corresponding multi-sequences
of D will be constituted of sequences of length 5 (5 instants). Let us consider, for instance, the information
corresponding to the municipality of Uberlândia (group 1). Notice that at instant 1, we have the following
demographic indicators for the first district Martinésia (o1): instant 1! a (=High % of full-time employed
male), instant 3! d (=Low % of full-time employed male), instant 5! e (=High % of part-time employed
female). So the sequence corresponding to the first district (o1) of Uberlândia (group 1) is ha,?,d,?,ei. Sim-
ilarly, we obtain the sequences corresponding to the other districts o2 and o3. The multi-sequence representing
4 The terms items and objects have different interpretations depending on the application context.
5 High and low percentages of each demographic indicators are established by the data analyst by means of maximum and minimum

thresholds. We assume that the demographic indicators presented in Table 2 have been categorized according to these thresholds in a pre-
processing phase.



Table 2
Demographic indicators

Symbol Demographic indicator

a High % of full-time employed male
b Low % of full-time employed female
c High % of commercial activities
d Low % of full-time employed male
e High % of part-time employed female

Table 3
Census dataset

IdG IdO Item T IdG IdO Item T

1 o1 a 1 2 o4 a 3
1 o1 d 3 2 o5 a 5
1 o1 e 5 2 o6 b 4
1 o2 b 2 3 o7 d 1
1 o2 c 3 3 o7 e 3
1 o3 c 4 3 o7 b 4

3 o8 c 2
3 o8 a 5
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the evolution of the demographic indicators of the districts of Uberlândia (group 1) is obtained by considering
the set of sequences associated to o1,o2 and o3. Table 3 illustrates the transformed dataset.

Multi-sequential patterns. A multi-sequential pattern (or msp for short) r is a multi-sequence satisfying the
following conditions: (1) for each j 2 {1, . . . ,k} there exists i 2 {1, . . . ,n} such that si

j 2 I and for all l 5 i we
have sl

j ¼?, (2) for each i 2 {1, . . . ,n} there exists j 2 {1, . . . ,k} such that si
j 6¼?. The cardinality of r is called

the rank of r and is denoted by r(r). Multi-sequences can be represented by a bi-dimensional array where rows
are related to time and columns (bottom-up ordered) are related to objects. For msps, the conditions (1) and
(2) above are interpreted in the array representation as follows: (1) enforces that for each row, there exists a
unique position containing an item and all the other positions contain the element ?. In our census data exam-
ple, this condition means that at each time we focus on information about only one district. (2) means that for
each column there exists at least one position containing an item.

Remark. We remind that the main focus of this paper is the introduction of a certain kind of temporal pattern
which cannot be specified in a propositional logic formalism. In order to avoid increasing the complexity of
the presentation unnecessarily and thus, to avoid deviating from our main focus, we have decided to
concentrate on events related to one object at a time. This explains the restriction (1) imposed on our multi-
sequential patterns. In what concerns restriction (2): a msp r with a column j containing only ? values (i.e.
don’t care values) would enclose the same amount of knowledge expressed by a simpler msp obtained from r
by eliminating its column j.

Example 3. The temporal pattern described in Example 1 is the multi-sequential pattern depicted below,
where we have used the following abbreviations for the demographic indicators appearing in the pattern:
d = Low % of full-time employed male (FTM�), c = High % of commercial activities (CA+), e = High % of
part-time employed female (PTF+).
r ¼
e ?
? c

d ?

0
B@

1
CA
It is important to notice the difference between multi-sequences and multi-sequential patterns. For instance,
the multi-sequence corresponding to the municipality 1 in Table 4 is not a multi-sequential pattern. As it
can be seen in its array representation depicted below, row 3 contains information related to district 1 and
district 2.



Table 4
Census dataset transformed into a set of multi-sequences

IdG MSeq

1 {ha,?,d,?,ei, h?,b,c,?,?i, h?,?,?,c,?i}
2 {h?,?,a,?,?i, h?,?,?,?,ai, h?,?,?,b,?i}
3 {hd,?,e,b,?i, h?,c,?,?,ai}

6 In
over m
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s ¼

e ? ?
? ? c

d c ?
? b ?
a ? ?

0
BBBBBB@

1
CCCCCCA
Definition 4. Let a; b 2 I. We say that a � b, if a = b or a = ?. It is easy to verify that � is a partial order. Let
r = {s1, . . . , sm} and s = {t1, . . . , tn} be two multi-sequences. We say that r is a submulti-sequence of s (or r is
included in s, denoted by r � s) if there exist j1, . . . , jm 2 {1, . . . ,n}, jp 5 jq for p 5 q, and i1 < � � � < ik, where
k = l(r), such that sp

q � t
jp

iq for all p 2 {1, . . . ,m} and q 2 {1, . . . ,k}. If we consider the array representation of r
and s, this means that r can be obtained by considering columns j1, . . . , jm and rows i1 < � � � < ik in s. So, if
r � s then l(r) 6 l(s) and r(r) 6 r(s). We say that r is a submsp of s if r is a msp included in s.

Example 5. Let us consider the multi-sequences r and s depicted in Example 3.6 It is clear that r � s because if
we consider rows 1, 2 and 3 and columns 1 and 3 in s, we obtain a msp h (with l(h) = 3 and r(h) = 2) such that
h1

1 ¼ d ¼ r1
1, h1

2 ¼ r1
2 ¼?, h1

3 ¼ r1
3 ¼ e, h2

1 ¼ r2
1 ¼?, h2

2 ¼ r2
2 ¼ c, h2

3 ¼ r2
3 ¼?.

Let D be a dataset in its transformed version. Let (g,s) 2D. We say that g supports a msp r if r � s. The
support of a msp r is defined by: supðrÞ ¼ jfgjg2PIdGD and g supports rgj

jDj .
A msp r is called frequent if sup(r) P a, where a is a given minimum support threshold. For instance, if we

consider the census dataset D of Table 4 the msp of Example 3 is supported by the municipalities of Uberlân-
dia (1) and Ouro Preto (3). So, its support is 0.66. If a = 0.5 then this msp is frequent.

Indeed, msp frequency is an antimonotone property: If r and s are msps with r � s and a a minimum sup-
port threshold such that sup(s) P a, then sup(r) P a.

Multi-sequential patterns as a class of first-order temporal logic formulas. Multi-sequential patterns are char-
acterized as a special class of First-order Temporal Logic formulas. Let us consider the first-order signature
D = {Tr}, where Tr is a predicate of arity 3 (in the database context, Tr corresponds to the relational schema
Tr(IdG, IdO, Item)). Let MðgÞ be the class of existential temporal formulas, with one free variable g, of the
following form:
9x1 � � � 9xnðF 1 ^ ð�ðF 2 ^ �ðF 3 � � ��F kÞ � � �ÞÞÞ

where k P n and for each i 2 {1, . . . ,k} there exists j 2 {1, . . . ,n} and a constant ai such that Fi = Tr(g,xj,ai).
We remind that the symbol e stands for the temporal operator ‘‘sometimes in the future’’. Notice that there is
no explicit variable for representing the time. The notion of time is captured by the temporal operator e.

It is easy to see that every multi-sequential pattern can be expressed by a formula in MðgÞ and conversely,
to each formula in MðgÞ corresponds a unique multi-sequential pattern. Notice that: (1) the free variable g

represents the group, the counting variable, (2) the numbers n and k represent the rank and length of the
this example, r is a msp, but s is not. We notice that the inclusion relation � is defined over multi-sequences in general and not only
sps.
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multi-sequential pattern, respectively. For instance, the multi-sequential pattern given in Example 3 can be
expressed by the formula F 2MðgÞ:
F ¼ 9x19x2ðTrðg; x1; dÞ ^ �ðTrðg; x2; cÞ ^ �ðTrðg; x1; eÞÞÞÞ
3.2. Regular expression constraints over multi-sequential patterns

In this section, we show how regular expressions can be used as a formalism for specifying user constraints
and we formulate de problem of multi-sequential pattern mining. First of all, we need some extra concepts
which are introduced below.

The columns of each msp r 2 Rn
k are ordered by an ordering which is naturally induced by the time level

ordering. For instance, in Fig. 1 the second msp is the ordered version of the first one.
A msp can be completely characterized by two simple (propositional) sequences. Let r be an ordered msp

with l(r) = k and r(r) = n. The characteristic function of r is the function fr: {1, . . . ,k}! {1, . . . ,n} such that
fr(i) is the number corresponding to the (unique) column having an element of I in line i. We associate to r
two sequences of length k, denoted by Pt(r) (the item-sequence of r) and Ps(r) (the shape-sequence), as fol-
lows: Pt(r) is the projection of r over the time axis and Ps(r) = hfr(1), . . . , fr(k)i. For instance, if r is the
msp illustrated in Example 3, then Pt(r) = hd,c,ei and Ps(r) = h1,2,1i. It is easy to verify that a msp is com-
pletely characterized by its shape-sequence and item-sequence. The numbers k and n are called the length and
rank of the shape-sequence Ps(r), respectively. In our example above, k = 3 and n = 2. If C is a set of msps, we
denote by Pt(C) and Ps(C) the sets {Pt(r)jr 2 C} and {Ps(r)jr 2 C}, respectively. We denote by
(Pt(C),Ps(C)) the set {(Pt(r),Ps(r))jr 2 C}.

In what follows, we will often make no difference between the msp r (resp. the set of msps C) and the asso-
ciated pair of sequences (Pt(r),Ps(r)) (resp. the set (Pt(C),Ps(C))).

It is important to note that the property of antimonotonicity of msps propagates to item-sequences and
shape-sequences.

Proposition 6. Let D be a dataset, 0 6 a 6 1 and r a msp. If r is frequent with respect to D and a, then Ptr
(resp. Psr) is frequent with respect to Dt and a (resp. Ds and a). Here, Dt (resp. Ds) denotes the set of item-

sequences (resp. shape-sequences) obtained by projecting the multi-sequences of D on the time axis (resp. on

the shape axis).

In order to specify special classes of multi-sequential patterns, we can simply consider a pair of sequential
pattern constraints, one for item-sequences and one for shape-sequences. The following example illustrates
this idea.

Example 7. Let us consider the constraint DI(D1,b)X*DI(D1,e) of Example 2. We remind that in this example
the data analyst is interested in patterns involving only two districts. The constraint can be specified by the
following pair of regular expressions: (b(a + b + c + d + e)*e, 1(1 + 2)*1).

Notice that, due to the particular ordering of the sequences in a msp, its shape-sequence has a special form:
if j 2 N appears for the first time in a position i then no k > j can appear before i. For instance, 12131 is a
shape-sequence but 13211 is not.
Fig. 1. A msp and its ordered version.
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Definition 8. A regular expression e over the alphabet N is called a shape regular expression if
e = 1e12e2 � � �nen, for some n 2 N, and for each i = 1, . . . ,n, ei is a regular expression over {1, . . . , i}. The num-
ber n is called the rank of e and is denoted by r(e). The m-subexpression of e, for m 6 n, is the regular expres-
sion e 0 = 1e12e2 � � �mem. For instance, 122*3(1 + 2)*4 is a shape regular expression (rank 4) but 13*2 is not.
122* is the 2-subexpression of 122*3(1 + 2)*4.

An RE-constraint is a pair [Rt,Rs] where Rt is a regular expression over the alphabet I (the set of items) and
Rs is a shape regular expression of rank n. A msp r with r(r) 6 r(Rs) satisfies an RE-constraint [Rt,Rs] if Pt(r)
satisfies Rt and Ps(r) satisfies the m-subexpression of Rs, where m = r(r). For instance, [a*b, 122*3(1 + 2)*4] is
an RE-constraint and r = (ha,b,bi, h1,2,2i) satisfies [a*b, 122*3(1 + 2)*4].

We say that a msp r is interesting with respect to a dataset D, a minimum threshold a and an RE-constraint
[Rt,Rs] if r is frequent with respect to D and a and r satisfies [Rs,Rt].

Problem formulation. Given a dataset D, an RE-constraint [Rs,Rt] and a minimum support threshold a, find
all msps which are interesting with respect to D, a and [Rs,Rt].

4. SM-Miner algorithm

In this section we briefly describe the SM-Miner algorithm, which discover all frequent multi-sequential
patterns and then select the patterns satisfying a user-specified RE-constraint in a post-processing phase. Since
the SM-Miner algorithm is not the main topic of interest in this paper, we only give an idea of its structure.
The details can be found in [15]. In what follows, Cn

k and Ln
k denotes, respectively, the set of candidate msps and

frequent msps of length k and rank n. Notice that, according to the definition of multi-sequential pattern, we
have necessarily that n 6 k.

The mining phase of SM-Miner follows the Apriori framework based on generation and validation (sup-
port counting) phases at each iteration. The general structure of the algorithm is that it generates first the
frequent msps of rank 1 (L1

1; L
1
2; L

1
3; . . .) using for this task an algorithm for mining (simple) sequential pat-

terns (for instance, the algorithm GSP [1]). After that, for each n > 1 (a given rank) it generates iteratively
the sets Cn

k of candidate msps of length k P n. For the initial case k = n, Cn
n is generated from Ln�1

n�1, which
has been already generated in the previous step corresponding to rank n � 1. For the case k > n, the set Cn

k

(containing the potentially frequent msps of length k and rank n) is generated from Ln�1
k�1 and Ln

k�1 which
have been already generated in previous steps. Next, the algorithm eliminates those msps containing a sub-

msp which is not frequent and then it calculates the support for the remaining candidates. At the end of the
pass, it generates the set Ln

k , the candidate msps which are actually frequent. These msps become the seed
for the next pass k + 1. In Fig. 2(a), we illustrate how the set Ln

k is obtained from previous steps. For exam-
ple, L2

4 is obtained from L2
3 and L1

3 and the set L3
3 is obtained from L2

2. Fig. 2 sketches the whole mining
process for Ln

k .
Fig. 3 illustrates how SM-Miner obtains a candidate msp of rank 5 and length 7 by joining two msps of L4

6.
There exists three other possibilities for obtaining candidates of rank 5 and length 7: (1) by joining a msp of L4

6
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and a msp of L5
6, (2) by joining a msp of L5

6 and a msp of L4
6, (3) by joining two msps of L5

6. A complete pre-
sentation of the candidate generation procedure can be found in [15].

A post-processing procedure takes place after the mining phase, when the discovered msps are tested and
only those satisfying the RE-constraint [Rt,Rs] are kept.

5. MSP-Miner algorithm

In this section we present the algorithm MSP-Miner for mining msps satisfying an RE-constraint
R = [Rt,Rs]. We remind that Cn

k and Ln
k denote, respectively, the set of candidate msps and the set of interesting

msps of rank n and length k, where n 6 k.
MSP-Miner is an Apriori-like double-iterative algorithm: at each stage (n,k), potentially interesting msps

are generated, then those having no chance to be interesting are pruned and finally, the remaining ones are
tested for support counting. It is important to point out that the candidate generation phase incorporates
the RE-constraint R: candidates msps of rank n and length k are generated from previous Ln

k�1 and Ln�1
k�1

and they must satisfy R. For each n,k, we denote by Ln;k the set
Sn�1

p¼1

Sk�1
q¼nLp

q [
Sn�1

p¼1Lp
k .

Fig. 4 below illustrates how candidates Cn
k are generated from previous Ln

k�1 and Ln�1
k�1. The highlighted

region corresponds to the set Ln;k for n = 3 and k = 4.
In the pruning phase, we must eliminate those msps containing a submsp which is not frequent (due to

antimotonicity of msp frequency). Notice that, as the condition R is not antimonotone, we should not eliminate
msps containing a submsp not satisfying R (doing so, we could eliminate interesting msps). Thus, we must con-
centrate only on the msps containing not frequent submsps. In order to detect not frequent submsps we have to
find those not belonging to Ln;k. A msp r 62Ln;k if and only if r is not frequent or does not satisfy the con-
straint R. So, in order to ensure that r is not frequent, it suffices to guaranteeing that r satisfies R and
r 62Ln;k. We notice that the restrictiveness of the condition R has a negative effect on the amount of msps

which are pruned. That is, as the strength of R increases, the amount of pruned msps decreases. In order
to find a balance between the restrictiveness of R and the amount of pruned msps, we employ an idea similar
Fig. 4. Ln
k is obtained from Ln

k�1 and Ln�1
k�1.
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to the one introduced in [22], that is, we consider a relaxing condition R 0 which is less restrictive than R but at
the same time has enough strength to eliminating a lot of candidates in the candidate generation phase. Thus,
the mining process yields a set of msps which are interesting with respect to R 0. At a post-processing phase the
msps not satisfying R are eliminated.

In [22], four relaxing conditions have been considered: (1) the total relaxation where no restriction at all is
incorporated in the candidate generation phase and the restriction R is considered only at the post-processing
phase; (2) the suffix-valid relaxation, where only valid sequences with respect to a state of the automaton7 (the
automaton corresponding to the given regular expression R) are considered; (3) the legal relaxation, where
only legal sequences with respect to a state of the automaton are considered8; (4) no relaxation at all: only
valid sequences (those satisfying the automaton) are considered, that is, the condition R is totally pushed into
the candidate generation phase and no post-processing is needed. The experimental analysis carried out in [22]
allowed to conclude that the suffix-valid relaxation yields the best performance. Following this idea, we con-
sidered a similar relaxation for our RE-constraints. In what follows, we say that a sequence s over an alphabet
R is prefix-valid with respect to an automaton A over the alphabet R if there exists a path in A starting at the
initial state and producing s (not necessarily ending at a final state).

Definition 9. Let R = [Rt,Rs] be an RE-constraint and ARt , ARs be the automata corresponding to Rt and Rs,
respectively. We say that a msp r is prefix-valid (p-valid for short) if Pt(r) and Ps(r) are prefix-valid with
respect to ARt , ARs , respectively.

The general structure of the algorithm MSP-Miner can be summarized as following:

(1) Candidate Generation. The set Cn
k of p-valid msps is generated from the sets Ln

k�1, Ln�1
k�1 of previous p-valid

and frequent msps.
(2) Pruning. Those msps in Cn

k containing a p-valid submsp r 62Ln;k are pruned.
(3) Support Counting. The support of each remaining candidate is evaluated by scanning the dataset, and

those msps with support inferior to a given minimum threshold are eliminated.
(4) Terminating Condition. For rank 1, the algorithm halts at stage (1, k) where k is the first length for which

L1
k = ;. For rank n P 2, the algorithm halts at stage (n,k) if one of the following conditions is verified: (1)

Ln�1
p ¼ ;, for all p 2 {n � 1, . . . ,k} or (2) Ln�1

k�1 ¼ Ln
k�1 ¼ ; and Ln�1

p ¼ ; for all p P k � 1.
(5) Post-Processing. The remaining msps are tested for validity with respect to the original RE-condition R.

The algorithm MSP-Miner is described in Fig. 5. Next, we will discuss the details of the generation phase at
stage (n,k).

5.1. Candidate generation

In order to generate p-valid msps of rank n and length k, we proceed as following:

(1) We first focus on the shape-sequences and generate all sequences of length k over the alphabet {1, . . . ,n}
which are p-valid with respect to the automaton ARs (step 7.1). Let S be the set of shape-sequences gen-
erated in this way.

(2) For each s 2S, we will generate a set of item-sequences IðsÞ, in such a way that the corresponding msps

(IðsÞ; fsg) are p-valid and potentially frequent. The steps for accomplishing this task are the following:
(2a) For each s 2S, we consider its prefix s 0 of length k � 1 by dropping its last element (step 7.2.1).
Notice that r(s 0) = n or r(s 0) = n � 1 (step 7.2.2); (2b) For the item-sequences generation, we make use
of the previous sets of p-valid and frequent msps Ln

k�1 or Ln�1
k�1, depending on the rank of s 0 (n or

n � 1) (step 7.2.3.1). The routine ExpandItemSeqs (Fig. 6) is responsible for this task; (2c) We select
in the suitable set (Ln

k�1 or Ln�1
k�1) those msps corresponding to the given prefix s 0 (step 1. of Expand-
7 A sequence s is valid with respect to a state q if there exists a path in the automaton corresponding to s, starting at q and ending at a
final state.

8 A sequence s is legal with respect to a state q it there is a path in the automaton corresponding to s and starting at q.



Fig. 5. MSP-Miner algorithm.
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ItemSeqs); (2d) Then, we project these msps in order to obtain their item-sequences. These item-
sequences are frequent (see proposition 6) and p-valid with respect to ARt . Next, the item-sequences
are expanded according to the automaton ARt (This ‘‘expansion’’ will be clearer in the example below;
for more details, see the procedure ExpandItemSeqs described in Fig. 6). At this stage, we obtain a
set IðsÞ of potentially frequent and p-valid sequences with respect to the automaton ARt of length k (Step
7.2.3.1). So, the set of generated msps for shape-sequence s is (IðsÞ, {s}) (Step 7.2.3.2). Notice that the
msps in (IðsÞ, {s}) are potentially frequent (proposition 6) and p-valid.

(3) The whole set Cn
k of generated msps of rank n and length k is

S
s2SðIðsÞ; fsgÞ (Step 7.2.3.2).

5.2. An example

Let ARt and ARs depicted in Figs. 7 and 8 be the automata corresponding to the regular expressions Rt and
Rs, respectively. Let q be a state of the automaton ARt . We denote by Ln

kðqÞ the set fr 2 Ln
k j PtðrÞ is p-valid

w.r.t. q}.



Fig. 6. ExpandItemSeqs algorithm.
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S. de Amo, D.A. Furtado / Data & Knowledge Engineering 62 (2007) 401–420 413
In this example, we illustrate how C3
5 is generated from L2

4 and L3
4 which have already been calculated

at stage (2,4) and (3, 4), respectively. These sets are depicted in Table 5. The set C3
5 is obtained as

follows:
Table 5
The sets L2

4 and L3
4 which have already been calculated at stages (2,4) and (3,4)

L2
4ðq0Þ L2

4ðq1Þ L2
4ðq2Þ L2

4ðq3Þ

? b
? b
? b
a ?

0
BB@

1
CCA

? d
d ?
? d

b ?

0
BB@

1
CCA

? c

b ?
? b
a ?

0
BB@

1
CCA,

? e

d ?
? d
b ?

0
BB@

1
CCA,

? e
? d
d ?
b ?

0
BB@

1
CCA

L3
4ðq0Þ L3

4ðq1Þ L3
4ðq2Þ L3

4ðq3Þ

? ? b
? b ?
? b ?
a ? ?

0
BB@

1
CCA

f ? ?
? ? c
? b ?
a ? ?

0
BB@

1
CCA
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(1) We first generate all the shape-sequences of rank 3 and length 5 which are p-valid with respect to the
automaton ARs . Such sequences are h1,2,1,2,3i, h1,2,3,1,1i, h1,2,2,2,3i and h1,2,2,3,1i.

(2) For each one of these shape-sequences si, we will generate a set of item-sequences IðsiÞ of length 5 in
such a way that the corresponding msps are p-valid, as following:

(a) For the first shape-sequence h1,2,1,2,3i: Its 4-prefix (prefix of length 4) is h1,2,1,2i. This prefix has

rank 2 and length 4 and therefore, only the item-sequences corresponding to L2
4 will be expanded in

order to obtain item-sequences of length 5. This task is performed by the procedure expandSeqsI-
tems (Fig. 6), as following:

Step 1: Let us select the msps in L2
4 corresponding to the shape-sequence h1,2,1,2i. They are showed

in bold face in Table 5.
Step 2: These msps are projected in order to obtain their item-sequences. The following sets of item-
sequences are obtained {hb,d,d,di} (w.r.t. q2) and {ha,b,b,ci, hb,d,d,ei} (w.r.t to q3).
Step 3: These item-sequences are expanded according to the automaton ARt . The idea is to produce p-
valid item-sequences with respect to each state of ARt . Notice that only item-sequences ending at q2

(hb,d,d,di) and q3 (ha,b,b,ci, hb,d,d,ei) will be considered for expansion.

(i) State q0: there is no transition ending at q0.
(ii) State q1: the transitions ending at q1 are: q0!

a
q1 and q1!

b
q1. There is no p-valid item-

sequences with respect to state q0 or q1. Therefore, no item-sequences are generated for
state q1.

(iii) State q2: the transitions ending at q2 are: q0!
b

q2 and q2!
d

q2.
• q0!

b
q2: there is no p-valid item-sequences ending at q0. Thus, no item-sequences will be

expanded.
• q2!

d
q2: the item-sequence hb,d,d,di is p-valid with respect to state q2. Therefore, the item-

sequence hb,d,d,d,di is generated.
(iv) State q3: the transitions ending at q3 are: q1!

c
q3, q2!

e
q3 and q3!

f
q3.

• q1!
c

q3: there is no p-valid item-sequences with respect to q1.
• q2!

e
q3: the item-sequence hb,d,d,di is p-valid with respect to q2 and so the item-sequence

hb,d,d,d,ei is generated.
• q3!

f
q3: the item-sequences ha,b,b,ci and hb,d,d,ei are p-valid with respect to q3. Then,

they are expanded and the item-sequences ha,b,b,c,fi and hb,d,d,e,fi are generated.
Thus, the algorithm MSP-Miner generates the item-sequences hb,d,d,d,di, hb,d,d,d,ei, ha,b,b,c, fi
and hb,d,d,e, fi fitting in the shape-sequence h1,2,1,2,3i.
Step 4: Each item-sequence generated in previous step is joined with the shape-sequence
<1,2,1,2,3 > . The msps obtained are:

? ? d

? d ?
d ? ?
? d ?
b ? ?

0
BBBBBB@

1
CCCCCCA
;

? ? e

? d ?
d ? ?
? d ?
b ? ?

0
BBBBBB@

1
CCCCCCA
;

? ? f

? c ?
b ? ?
? b ?
a ? ?

0
BBBBBB@

1
CCCCCCA

and

? ? f

? e ?
d ? ?
? d ?
b ? ?

0
BBBBBB@

1
CCCCCCA
:

(b) The steps 1, 2, 3 and 4 are repeated for the shape-sequences h1,2,3,1,1i, h1,2,2,2, 3i and
h1,2,2,3,1i.
(3) C3
5 is the set of msps obtained in steps (a) and (b) above.

6. Experimental results

The MSP-Miner algorithm has been evaluated through an extensive set of experiments using synthetic data-
sets. We also compared the performances of MSP-Miner and SM-Miner. Our results confirm that incorporat-
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ing RE-constraints into the mining process can lead to significant performance benefits rather than exploiting
them only in the post-processing phase. Our experiments have been executed on a Pentium 4 of 3.0 GHz with
1GB of main memory and running Windows XP Professional.

6.1. Synthetic data

We have developed a synthetic data generator using the idea described in [24] for the synthetic data-
sequences generator. Our generator produces datasets of multi-sequences in accordance with the input param-
eters. These parameters are shown in Table 6.

We have generated datasets by setting the number of items N = 5000. The average rank of potentially fre-
quent multi-sequences (jRj) has been set to 3 and average length of potentially frequent msps (jSj) has been set
to 4.

MSP-Miner is also evaluated with respect to a variety of parameters concerning the RE-constraints. We
have developed an RE-constraint generator based on the regular expression generator proposed in [22] in
the context of sequential pattern mining. Our method REgen generates RE-constraints R = [Rt,Rs] according
to some input parameters. Both regular expressions Rt and Rs are expressions of the form (B1jB2j � � � jBn)*,
where each block Bi is a concatenation of terms (Bi = T1T2 � � �Tm). A term Ti is a disjunction of items
(T i ¼ s1 j s2 j � � � j sri ).

The parameters required for generating a variety of regular expressions for our tests are: I = the maximal
number of items per term, T = the number of terms per block, B = the number of blocks, IMax = the max-
Table 6
Parameters used in the synthetic data generator

jDj Number of groups (size of the dataset) – in ’000s
jGj Average number of objects per group
jCj Average number of events per object
jRj Average rank of potentially frequent msps

jSj Average length of potentially frequent msps

N Number of items
Nm Number of maximal potentially frequent msps

Table 7
Minimum support and RE-constraint parameters

Parameter Default value Range

Number of blocks (B) 4 2–8
Number of terms per block (T) 3 2–8
Number of items for Rt (IMax) 5000 –
Rank of Rs(r) 10 –
Maximum number of items per term (I) 8 2–30
Minimum support 1.0% 0.2–1.2%

Fig. 9. Structure of automaton for RE-constraint.
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imal number of items used in the regular expression Rt and r = rank of Rs. The regular expression Rt contains
B blocks, T terms per block, at most I items per term and the items appearing in Rt are in {1, . . . , IMax}. The
regular expression Rs is of the form 1e12e2 � � � rer, where each ei is a regular expression over {1, . . . , i} contain-
ing B blocks, T terms per block and at most I items per term. All the parameters used for generating the RE-
constraints as well as minimum support thresholds are showed in Table 7 along with their default values and
the range of values for which the experiments have been conducted.

Fig. 9 illustrates the generic structure of the automata produced by the generator. This structure allows sev-
eral kinds of selectivities, yielding a large family of automata, by varying the number of items per term, the
number of terms per block and the number of blocks.

6.2. Performance analysis

For the performance analysis, the experiments have been carried out over two datasets, one containing 4000
groups and the other 8000 groups. Table 8 summarizes all the dataset parameter settings for these
experiments.

Fig. 10 shows the execution times for the MSP-Miner and SM-Miner algorithms for the first dataset given
in Table 8. We can verify that MSP-Miner always outperforms SM-Miner. Besides, in most cases the differ-
ence between their perfomances is quite important. These results confirm the effectiveness of exploiting RE-
constraints during the mining process rather than during the post-processing phase.
Table 8
Synthetic datasets – parameter settings

Name jDj jGj jCj jRj jSj Nm Size (MB)

D4-G4-C6-R3-S4 4 4 6 3 4 200 4,3
D8-G4-C6-R3-S4 8 4 6 3 4 400 8,6

Fig. 10. Performance results for dataset D4-G4-C6-R3-S4.
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The graphs in Fig. 10 plot the running times for both algorithms as the RE-constraint parameters change.
Fig. 10(a) depicts the perfomance of both algorithms as the number of blocks in the regular expressions is
increased from 2 to 8. As expected, as the number of blocks increases, the selectivity of the RE-constraint
decreases and consequently the number of p-valid msps increases. Thus, the execution time of MSP-Miner also
increases.

A similar analysis can be considered for the graph in Fig. 10(c). Note that in Figs. 10(a), (b) and (c) the
execution times for SM-Miner raise very smoothly. This happens because SM-Miner always finds the whole
set of frequent msps and only afterwards it selects those satisfying the constraint. The time expended in the
mining process (before post-processing) does not depend on the restriction considered. Besides, as the post-
processing phase is executed in main memory, its execution time is negligible when compared to the time
expended in the mining process. Fig. 10(d) illustrates the performance of both algorithms as the minimum sup-
port increases from 0.2% to 1.2%. As expected, the execution times for both algorithms decreases, because
fewer candidates are potentially frequent for higher values of minimum support. The graph shows that for
low support levels, MSP-Miner performs much better than SM-Miner. This happens because the amount
of candidate patterns reaching the support counting phase in SM-Miner is larger than the amount of candi-
dates in MSP-Miner, where only selected candidates survive after the generation phase.

The execution time for both algorithms, as the number of terms per block in regular expressions is increased
from 2 to 8, is depicted in Fig. 10(b). Note that the execution time for the MSP-Miner algorithm decreases as
the number of terms per block increases. Indeed, when regular expressions Rt and Rs have few terms per block,
short msps can be p-valid as well as long msps (due to the star in (B1j � � � jBn)*). However, as the number of
terms per block increases, only long msps may be p-valid.

Fig. 11 illustrates the performance results for the second dataset of Table 8. As expected, the execution time
for boths algorithms increases but MSP-Miner still outperforms SM-Miner. The execution time for MSP-
Miner algorithm increases smoothly as the number of blocks in the regular expressions is increased from 2
to 6. However, when the number of blocks is greater than 6, the performance of MSP-Miner algorithm
decreases considerably.
Fig. 11. Performance results for dataset D8-G4-C6-R3-S4.
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6.3. Scale-up

The scalability of MSP-Miner with respect to different parameters has also been evaluated. In these exper-
iments, we have kept the RE-constraint invariant. It has been generated using the default parameters pre-
sented in Table 7.

We first describe how MSP-Miner performs as the number of input multi-sequences in the dataset increases.
Fig. 12(a) shows how MSP-Miner and SM-Miner scale up as the number of data multi-sequences (jDj)
increases from 1000 to 6000. We show the results for the datasets Dx-G4-C3-S4-R3 (x = 1, . . . , 6). The min-
imum support is set to 1%. The graphic shows that the execution time for MSP-Miner increases smoothly as
the number of data multi-sequences (size of database) enlarges, contrarily to SM-Miner algorithm, whose exe-
cution time increases considerably.

Fig. 12(b) shows how both algorithms scale up as the number of objects per group (jGj) increases from 3 to
7. The datasets D4-Gx-C3-S4-R3 (x = 3, . . . , 7) have been used and the minimum support has been set to 1%.
When the number of objects per group is greater than 5, the performance for both algorithms decline substan-
tially. However, increasing the size of the groups, the difference between their execution times is still large, that
is, MSP-Miner is clearly faster than SM-Miner.

Besides, the execution time of support calculation increases with respect to the number of objects in each
group. So, it is expected that the performance of SM-Miner will be worse, since the number of candidates
tested by SM-Miner at each pass is greater than the one tested by MSP-Miner, where only selected candidates
survive after the generation phase.

A similar analysis can be considered for the graph in Fig. 13, which illustrates the performance of both
algorithms as the number of events per object increases from 2 to 8.
Fig. 12. Scale-up w.r.t to data multi-sequences (a) and objects per group (b).

Fig. 13. Scale-up w.r.t to number of events per object.
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7. Conclusion and future work

In this paper, we have presented a constraint-based approach to mine a new kind of first-order temporal
patterns called multi sequential patterns. These patterns are characterized by the fact that support counting
is based on groups of objects rather than single objects like in propositional sequential patterns and other
known first-order temporal patterns studied in the ILP area. The main interest in using multi-sequential pat-
tern mining is in datasets storing information about objects which are related to each other according to some
criteria. A typical scenario is in mining spatial sequential patterns in temporal census data. In this scenario,
objects are usually related to each other by a neighbour relationship, and data analysts are interested in dis-
covering patterns telling how demographic indicators of each object (in our example, the objects are districts
of a municipality) evolve throughout time and how the neighbour relationship can affect this evolution. We
have introduced a formalism based on regular expressions for constraint specification and developed the algo-
rithm MSP-Miner to discover all frequent multi-sequential patterns satisfying such constraints. MSP-Miner
incorporates the constraints during the mining process, pushing non-antimonotone conditions (specified by
regular expressions) inside both the candidate generation and pruning phases. We conducted an extensive
set of experiments to evaluate and compare the performance and scalability of MSP-Miner and SM-Miner
over synthetic data. SM-Miner [15] is an algorithm for mining multi-sequential patterns which incorporates
the RE constraints only in post-processing phase. Our empirical study allowed to conclude the feasibility
and effectiveness of exploiting RE constraints during the mining process, in a first-order temporal mining
context.

Future research. In the near future, we intend to focus our research efforts in two directions: first, we need to
evaluate the algorithms in a real dataset. For this purpose, we will take the census databases available in the
Brazilian Institute of Geography and Statistics (IBGE). However, this task is not simple, since the datasets
have to be suitably transformed before the mining process, in order to fit in the MSP-Miner mining schema.
Another line of research we intend to tackle is to consider more general multi-sequential patterns. In this
paper, we have considered multi-sequential patterns of the form:
9D19D2 � � � 9DnðQ ^ �ðR1 ^ �ðR2 ^ � � � ^ �RmÞÞ � � �Þ

where Q is a formula representing the relationship between the object variables D1, . . . ,Dn, and Ri is an atomic
formula of the form R(Di,a), where a is an item. We think that it will be interesting to consider patterns where
each Ri is a conjunction of atomic formulas R(D1,a1) ^ R(D1,a2)^� � �^R(D1,am) (only one object variable D1

appears in this conjunction). In our census database example, this would mean to consider several demo-
graphic indicators for each district at a time. For instance, we could be interested in discovering that ‘‘A

low rate of full-time employed male in district A, followed by a high rate of commercial activities AND a high

rate of full-time employed male in a neighbour district B is followed by a high rate of part-time employed female
in district A AND a high rate of part-time employed male in district A’’.
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